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Matrix-Vector Complexity

Many matvec-optimal algorithms proven recently

Great for applications where matvecs are:
() Efficiently Computable

@ Computational Bottleneck

E.ge. x—=>f(A)x vialanczos Iteration

But what if O does not hold?
We can only compute Ax for some x|




N | B T e e O B N e e
Fall 2023 » Etc I * % E ! ! ! ! ! ! ! ! \ B4 | -+ @’) ey Shapes {1 ] Inkto Shape & <9Ruler %EMath A L

Kronecker Product

MW

Let AeR BeR™ Then AeBeR™ ™

AluB [A]pB ... [Al.B
nop. |AB [Al2B . [AlnB
[AluB [AlsB ... [Al,,B
wm P e i
For vectors ?_céfR ,1AGYR, A8y €
%,y \_ vectors
Koy =|™ “undertined
%Y




Kronecker-Matrix-Vector Oracle Model

Before: A¢R™. We can compute Az for any zeR"

JdeK
Now: Ae . We can compute Ax for any z=zez.e--ex,

%, xR

[ . .
Can we still solve linear algebra

problems efficiently? g

poly(d, K, ¢)?
Core Issue: d° vs Jk parameters
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Trace Estimation
Estimate +(A) from few matvecs
Find € such that
(1-€) +r(A) ¢ € £ (1+€) tr(A)
Classically,

Hutchinson's Estimator uses (—)(Va) matvecs
Hutch++ uses ©(%) matvecs <

%li Math Q Z)
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Our Contribution: Analyze

Hutchinson's Estimator can easily be made Kronecker

How many matvecs are needed for std dev < ¢ +-(A4) ?

Answer: [=0(%) are needed [Ahle et al. 26]
Further: Exact variance,

aK
O(% ) for random rank-one matrices

O(%)  needed for complex matvecs
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rThe matrices where exp(kl matvecs are need are either:

() Low Rank or @) A-A®Ae @A,

We can compute +t+r(A) exactly efficiently in both cases 1\
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,’(1 (4) = ":iZ‘. A%  where g‘-""/\/(QJI

Let A=%(A+A7) be the symmetrized A
v, /\u

A e g_emfalues

Then gAg = gAg ™ g/ \g =TNG

So [%TA}] =+r(4) Var[%{_TA%] =d ,A\ "
=tr(A) < ANAIE

< A(Fr(A)®

for PSD A

ath Q

D
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Kronecker Hutchinson

let x=20 Ox for %~ N(0,T)

Sample %A«

What is E[x"Ax]? Var[ x'Ax]7?

Problem: x is not rotationally inveriant!

Solution: "Extract" one %; at a time
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Extraction

K=d (%,

)
E[{A x] = 1Lr(/\’\) =xtr(A) 2, Partial Trace of A

/—\A

Vg)x‘r [x"Ax] = A1z (M+mT)|Z Partially Symmetrize A
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Core Theorem

Ty

— |
let A* QKusz.,--.,K; be the average of all partial

symmetrizations of A.

Then VarlxAz] = 2 & IS'IH'\r:s(/‘\)ll

S<fi-k3

L a"*'llfs(A)ll“

SEEL,

< 3 (+r(A) for PSD A

(n

Proof: Lots of induction
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Conclusions
" Introduce Kron-Mat-Vec Complexity
“Variance of Kron-Hutchinson Algo
'Surprising connection to Partial Trace, Partial Transpose
3 . .
_O__(z—) lower bound when A is the all-ones matrix

_O_(’gﬁ) lower bound against all Kron-Mat-Vec Algos
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Double-Sparse Model

Suppose AeR™ on hard drive, but 4 is huge
You cannot store «€R" in memory (RAM)

But cols of A are c-sparse E.g. banded matrices

If x is s-sparse, then Ax is cs-sparse

Allower 0(d) time but e« memory
[Jonathan Weare, Robert Webber]
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